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1. INTRODUCTION

For a function f, continuous on [0, 1], the nth (» > 1) Bernstein polyno-
mial of fis the polynomial of degree < n defined by

B,(f, x):= éo ! (S)(;’) (1 =x)"*,

B,(f) is a polynomial, so there exists for every ue (0, 1] a constant 4 such
that B,(f)e Lip, u (where A may depend on f and u). Brown et al. [2]
gave an elementary proof that the Lipschitz constant is preserved, i.e.:

THEOREM 1. If feLip, pu, then for all n>1, B,(f)eLip, u

For a brief history of the problem see [2]. By using some simple results
from probability theory, we shall prove that the identical result holds for
a general class of univariate and multivariate approximation operators.
This class includes the Szasz, Bernstein, Gamma, and translation
operators, the tensor product operators formed from them, and the
Bernstein operators over simplices. The central idea is to exploit the split-
ting property of the probability distributions involved in these approxima-
tion operators.

In this paper a function from a convex subset 7, < R* into R is said to
be Lipschitz continuous of order p, pe(0,1], if there exists a constant
A =0 such that for every pair of points x, y e I, we have

L) =S <4 lx—yl*

(I-)l is the /; norm in R*). We write this as feLip, u(f,) or simply
fe€Lip, u, suppressing the 7.
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We shall use the multivariate Feller operator which generalizes the
above-mentioned approximation operators. For the properties of the Feller
operator see [4, 6,9]. Let f € C(I,). Suppose that S, ., n>1, is a sequence
of k-dimensional random vectors over I, with E(S, ,)=nx and with
Cov(S, ., S, ) =02(x) a non-singular variance—covatiance matrix, where x
is a k-dimensional vector of parameters. Stancu [9] defined the multi-
variate version of the Feller operator:

L(fx):=E {f(gn__»
=[]

— — o

t t
(—‘, —") dF,, (ty, . te),s
n

n

where F,, is the joint distribution function (df) of S,, and
E | f(S, «/n)] < oo. In the next section the principal result is proved. A few
special cases are outlined in the last section.

2. PrINCIPAL RESULT

The tool used to prove Theorem 1 is to split a binomial random variable
into a multinomial random vector. Consider the experiment of rolling n
times a three-sided die that has sides one and two colored blue and side
three colored white. Let S, be the number of times blue comes up, U be the
number of times side one comes up, and V' be the number of times side two
comes up. S, has the same probability distribution as U+ V, ie,
P(S,=k)=P(U+V=k), k=0,1,..,n, which we write as S,~U+ V.
This shows that a binomial random variable S, can be split into a tri-
nomial random vector (U, V') such that S, ~ U+ V. If the probability of a
blue face coming up on one roll is x and the probability of side one coming
up is y (clearly x = y) then the expected value of V, E(V), is n(x — y). Also
note that B, (f, x)= Ef(S,/n)=Ef(U+ V)/n) and B,(f, y)= Ef(U/n). We
formalize this concept of the splitting of a random variable in the following
definition:

DerFINITION.  The random vector S, , is said to have the splitting
property if for every x, ye/, there exist random vectors U, R,, and R,
such that U, R,, and R, are defined over the same probability space with

S,.x~U+R, and S,.,~U+R,

and E |R, — R, || <n[x— y|.
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The random vectors R, and R, need not be independent of U. For k=1
and x > y, the splitting property would hold if S, , ~U+ R, and S, , ~ U,
where E |R| <n(x— y) and U and R are defined over the same probability
space. The main result of this paper is the following:

THEOREM 2. Assume that S, , has the splitting property. If f € Lip 4 u(1,)
then L,(f)€eLip, u(l,) (O<p<l).

Proof. Split S, . and S, ,. Then
L/, %) - fyl—{Ef( ) r (22 )
‘Ef<U+R> Ef<U+R>

<E‘f<U+R> f<U+Ry>.

n

The equality holds by the splitting property and the last inequality follows
since the underlying probability space is the same. Consequently,

)

m
)
The first inequality is due to the Lipschitz hypothesis, the second inequality

is by Jensen’s inequality, and the last inequality follows by the splitting
property. This completes the proof.

—R

Y

L(f, x)— Lo(f, y)l < AE( R

R, —R
n

<a(z]

<A |lx = yl*.

Remark. The converse of Theorem 2 is trivially true if L,(f, x) = f(x)
as n— oo,

Remark. Since the /, norms have the property
Col-<ii-l, < -,
where C, =k'7~, it follows that if f e Lip (1, p) (i.e., Lip,, p with respect

to the /, norm, 1< p) and S, , has the splitting property then L,(f)e
Lip 4+(4, p), where A*=C " A.
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3. SpeciAL CASES

1. Bernstein Operator
Let

P(S..=k)= () U —xr 5 k=0Ln

For this distribution L,(f, x) reduces to B,(f, x). Let (U, V) have a tri-
nomial distribution [5] with parameters (», x,, x, — x,), where 0 < x, <1,
0<x, <x,, 1€,

n!

A= =D ==

x{0 —x) (1 =)/,

Jj=0, 1, 2,..,mn I=0, 1,.,n; j+I<n The joint moment generating
function (mgf) of (U, V) is

Guv(ty, 1) =E("V" )= (1 — x5 + x1e" + (x, — x;)e")",

Hence, by letting ¢, =1, we get S, ., ~U+ V. Also note that by letting
t, =0 we get U~ S, ,, and similarly V'~ S, . __ . Furthermore E|V| =
E(V)=n(x, — x,). Therefore by taking V=R, we have that S, , has the
splitting property and Theorem 1 follows from Theorem 2.

2. Szasz Operator

Let P(S, . =k)=exp(—nx)(nx)/k!; k=0,1,2,.., and x>0. L,(f, x)
reduces to the Szasz operator [6]

(nx)*

sifx=e 3 r(5) Sk

Define the joint probability distribution of (U, V') as

P(U=j,V=I)=e " 1) sy (1062 = X))
’ ! I ’

j=0,1,2,.;1=0,1,..; 0<x, <x,. Again, it is easily verified that

PU+V=k)= Y PU=jV=10)=PS,,,=k)

O<j+i=k

for all k=0, 1, ... Also note that U, V are independent Poisson random
variables and E(V)=n(x, — x,). Taking U=S, ,,, and V=R, we have by
Theorem 2 that if f e Lip , 4 then S,(f)eLip, u
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3. Baskakov Operator

Let S, , have a negative binomial distribution with parameters (n, x),
x>0, Le.,

k—1 k
P(Sn,x=k)=(1+x)-"(”+k )(ﬁ) k=012, ..

The Feller operator reduces to the Baskakov operator

- k
Bi(0)= 3 1(5) P(Suc =k

Let (U, V) have negative multinomial distribution [5] with parameters
(n, py1, p2), where 0< p,, p,; and let g=p, + p, + 1.

. (n+j+1-1)t (Pl)j<Pz>'
PU=j,V=l)="1d2 7 2 on (B} (B2)
U= ) ana-nr T \q) \q
j=0,1,..;1=0,1, .. The mgf of (U, V) is
Pu vty 1) =(q— pre" — pre”?)™"

By letting ¢, =¢, we have that U+ V has a negative binomial distribution
with parameters (n, p, + p,). By letting t, =0 we get that U~ S, ,, and
similarly V'~ §,, ,,. Therefore, for 0 <x, <x,, by taking p, =x, and p, =
x, — x; we have that

Sy ~U+V.

Also, E(V)=n(x, —x,). Hence, by Theorem 2, if f € Lip, u then B}¥(f)e
Lip, .
4 Gamma Operator

For x>0, the Gamma operator is defined as

Gt = [ (2) e

(n—

Let S, , have the probability density function

x—n

(n—1)

y' T lem M if y>0
gs, (y)=
0 if y<0.

Then L,(f, x) reduces to G,(f, x). It is easy to check that xS, , ~S, ..
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Therefore, if 0 < x, <x, then

S ~x2Sn,1

nx2
~xlSn,1 + (XZ —xl)Sn,l
~8..,+R

n,xy

Note that S, ., and R are dependent random variables and R~ S, ., ...
Also, E(R)=n(x, — x,), which implies, by Theorem 2, that G,(f)e Lip, u
if feLip, n.

5. Translation Operators

To consider positive translation operators (also known as convolution
operators [10]), let H,(¢t — x) be the kernel for the translation operator

T(fx)=[ fU)dH,(t~x)

— 0

_ Jw flu+x) dH (u).

Let Z, be a random variable having df H,(z) and define S, , :=n(x+ Z,).
For this case L,(f, x) reduces to the translation operator T,(f, x). For
X, > X,

Sn,xz ~ n('xl + Zn) + n(x2 - xl) ~ Sn,)q + R’
where R is a degenerate random variable taking the value n(x, — x,) with

probability one. Hence, by Theorem 2, if f € Lip, u then T,(f)€eLip, p. In
the following some of the typical translation operators are provided.

(i) Fejér Operator [3, p. 34]:

. 2
F(f, x)=%jl/2 f(u+x)[sm""“J du.

—12 sin mu

(i) Korovkin [1, 7]:
Let ¢ be a non-negative, even, and continuous function on [ —r,r],

decreasing on [0, r] and such that ¢(0)=1, and 0<¢(t) <1 for O<t<r.
For a continuous fon I=[a, b] with b—a<r,

b
K(f,x)=p, | f) ¢ ((—x)dt,  n=1,2,..
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where

1=2p, j'qs"(z)dt.

Since K,,(f, x) is a special case of T,(f, x), if f € Lip , u then K, (f) e Lip , u.
Several classical smoothing operators [8] such as the Weierstrass and
Picard operators are special cases of K,(f, x).

6. Bernstein Operator over a Simplex

Let S, =(S, > S, ) have a multinomial distribution with param-
eters (1, X, . Xg, 1—x;— --- —x;), where x=(x,,..,x;)€d, =the
standard simplex. That is, 4, = {(xy, .., X;): 0<x,<1; i=1,2, .., k; and
x; + - +x,<1}. For a continuous f defined over 4,, the Bernstein
operator is defined as

Bn,k(f; x):z f(.]/n) P(Sn,x =])7

where j=(j;, .., ju); J; 20, i=1,2, ., k; j, + -+ +j, <nand

n!
P(Snxz')=. s N ; N
TR G = !

k
X(L=x) =xy = e —x" A ] ¥
i=1

is the multinomial distribution [5] with parameters (n, X, .., X,
1-Y%_  x,). Let feLip, u. For x#y define a 2k-dimensional random
vector (U, V') having multinomial distribution [5] with parameters

k k
(”,x?’,m,xz,lﬁ*J’1l,---,|xk—J’kl,1—zx,*‘z Ixi—yi|>a
i=1 i=1

=

where U is a k-dimensional multinomial with parameters (n, x*,
1—3% x¥) and V is a k-dimensional multinomial with parameters
(m, 1xy =yl e [ = yicl, 1=2F_; 1%, — ;) and x*=(min(x,, V1) s
min(x,, y;)). Let ;=1 1f x, > y, and ¢, =0 otherwise, i =1, 2, ..., k. Define
R, =(Vc\y ., Vier) and R, = (V (1 —¢y), ..., V(1 —¢,)). Note that

S,x~U+R, and Suy~U+R,,

where U~S, ... Also since 2¢,—1=1 or -1, |R,—R|=
Vi+V,+ - + V. Therefore, |R, — R, | has a binomial distribution with
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parameters (n, ||x — y||). Hence, S, . has the splitting property and there-
fore by Theorem 2 if f € Lip , u then B, ,(f)eLip, u.

7. Tensor Product Operators

For the tensor product operators formed by the Bernstein, Szasz,
Baskakov, Gamma, and Weierstrass operators the same result holds. For
this more general setup, we need to modify L, (f, x) to incorporate the
tensor product operators with different n,, i=1,2,..,k Let S, ., i=
1, 2, .., k, be mutually independent univariate random variables defined
over /=R having the univariate splitting property. Define S, , =
(Sn. x> > Swex), Where x=(x,,..,x,) and n=(n,,..,n) The tensor
product operator for fe C(I,), I, =IxIx --- x I, is defined as

L,(f.x)= Ef( ny Smg S)

ny ng

If S, . has df F, (1), i=1, 2, .., k, then by the mutual independence of
the random variables the joint df of S, , is

nxl)“n n,x,

where 1= (¢, .., t;). Let x, yeI, be fixed vectors. By the univariate split-
ting property there exist random variables U;, R%, and R;, defined over the
same probability space such that S, . ~U,+R., S, , ~U;+R, and
E|R, —R |<n;|x;—y,l, i=12,.,k Let U=(U,.., U, Rx=
(R!,.,R"), and R, = (R .., R*). Define the joint df of (U, R,, R,) to
be the product measure of the measures of (U, R., R;,_), i=12, ..,k
so that the random vectors (U;, R, R}), i=1,2, .., k, are mutually inde-
pendent. By the univariate splitting property and independence,

S..~U+R, and S.,~U+R,.

Also, by the univariate splitting property, E |R, —R!, | <n;|x;—y,|. We
have that

LX)~ Lutf i < ( 3 Hamtal)

i=1 n;

k RiA—‘Ri_ ]
<A<Z E|_x,n_21l)
i=1 i

<A llx—yl*

Hence, the tensor product operators are Lip , u for f € Lip , 1 whenever the
univariate operators have the splitting property.
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